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Answer all questions. Show all work. If you are assuming a ’Result’ proved
in class, state it correctly. It an answer is an immediate consequence of

such a ’Result’ , that ’Result’ also needs to be proved.

1. Let X be a topological vector space. A ⊂ X is said to be totally
bounded, if for any neighborhood ∪ of 0, there exists a finite set F ⊂ A
such that A ⊂ (F +∪). Show that any totally bounded set is bounded
and any compact set is bounded.

2. Consider C[0, 1]. Show that there is a locally convex topological vector
space topology on C[0, 1] that is different from the norm topology. Give
all the details of your answer.

3. Consider l2 = {{αn}n≥1 : Σ | αn |2 < ∞)}. Let U ⊂ l2 be a proper
neighborhood of 0. Show that there exists a sequence x = {αn}n≤1 ε U
with infinitely many non-zero coordinates.

4. Let c0 = {{αn}n≤1 : lim αn = 0}. Let d be an invariant matric on c0

making it a topological vector space. Let d′ denote the supremum
metric on c0. Suppose that topologies generated by d and d′ are the
same Show that d is a complete metric.

5. Let l1 = {{αn}n≤1 : Σ | αn |< ∞} with the usual norm. Show that this
space is separable when equipped with the weak topology.

6. Consider L1[0, 1]. Let X be the set of all polynomials in L1[0, 1], with
the usual norm. Give an example if a weak∗− bounded set in X∗ that
is not bounded. Give complete details of your answer.

7. Let X be a topological vector space with a, balanced and bounded
neighborhood of 0. Show that X is metrizable (you may assume that
metrization theorem).

8. On the space Cb(R) of bounded continuous functions, consider the se-
quence of semi -norms, pn(f) = sup

[−n,n]

| f |. Describe convergent se-

quences and bounded sets in the topology generated by this family
{pn}n≤1.


